This paper considers the optimal debt ratio, investment, and dividend payment policies for insurers with time-inconsistency. The surplus process of an insurance company is determined by the change of asset value and the change of liabilities. The asset can be invested in financial market which contains a risky asset and a risk-free asset, and when the insurer incurs a liability, he/she earns some premium. The objective is to maximize the expected nonconstant discounted utility of dividend payment until a determinate time. This is a time-inconsistent control problem. We obtain the modified HJB equation and the closed-form expressions for the optimal debt ratio, investment, and dividend payment policies under logarithmic utility.
Introduction
In recent decades, the actuarial science has shown a trend of diversified development. We can see that the relationships between mathematics and risk theory are becoming more and more close; furthermore, a lot of optimal control research problems are becoming very interesting and increasingly important. As a result, some scholars have already studied the optimal investment, optimal reinsurance, optimal dividend, and risk control problems for decades. Specially, as an important way of profit, the optimal investment problems have been widely investigated for many years in literatures. For example, [1] considered an insurance firm that is faced with a stochastic cash flow or random risk process and studied the optimal investment policies with considering exponential utility and minimizing the probability of ruin; for other investment problems also see [2, 3] and so on. The optimal dividend payment has been studied for many years since it was put forward by [4] . For example, [5, 6] investigated the optimal dividend strategies with Brownian motion and the compound Poisson model, respectively, [7, 8] investigated the optimal dividend strategies under spectrally negative Lévy processes and spectrally positive Lévy processes, respectively, [9] studied optimal dividends under nonlinear insurance risk processes, [10] considered the optimal dividend strategies with capital injections and proportional transaction costs under a jump-diffusion model, and the reader can see more optimal dividend problem in a review about dividend [11] . In addition, researchers not only consider the optimal investment policies or optimal dividends individually but also combine with other optimal control problems. For example, [12] [13] [14] [15] [16] considered the optimal investment problems combining with reinsurance. Some researchers also investigated the investment problems with the optimal dividends policies, for example, [17] [18] [19] .
Recently, the debt management problem has drawn more and more attention by many researchers. In particular, the occurrence of a global financial crisis in 2008 which was brought out by the collapse of US housing market in 2007 had drawn increasing attention to the debt ratio. It is now widely believed that excessive leveraging, and an excessive debt ratio, at key financial institutions helped convert the initial subprime turmoil in 2007 into a full blown financial crisis of 2008. In addition, the failure of AIG (American International Group) told us that the proper debt ratio in an insurance company is very important. Then, many scholars have investigated the optimal debt ratio under different risk models. For example, [20] derived the optimal debt ratio and dividend payment strategies with reinsurance for an insurer. The paper [21] studied the optimal investment and dividend payment strategies with debt management and reinsurance.
In this paper, we consider the optimal debt ratio, investment, and dividend payment policies for insurers with timeinconsistency. For a very rich number of scholars, they assume that the discount is constant so that the discount function is exponential. However, some scholars argue that the assumption of constant discount rate which means the unchanging of human behavior is unrealistic. Hence, many researchers have studied the so-called time-inconsistent control problems for many years. For example, [22] used Nash equilibrium points to seek the equilibrium policy in dynamic utility maximization under inconsistency; [23] discussed the consumption and portfolio rules for timeinconsistent investors; they derived a modified HJB equation and compared the different styles of investors which are called naive and sophisticated agents. Other studies about time-inconsistency can be seen in [24, 25] and so on. This paper assumes that the discount rate is nonconstant but that a function of time is a nonincreasing function. We assume that the surplus process of an insurance company is determined by the change of asset value and the change of liabilities. The asset can be invested in financial market which contains a risky asset and a risk-free asset, when the insurer incurs a liability, he/she earns some premium. The objective is to maximize the expected nonconstant discounted utility of dividend payment until a determinate time. Then we obtain the closed-form expressions for the optimal debt ratio, investment, and dividend payment policies under logarithmic utility. The model is a generalization of [21] in which the optimal policies with a fixed discount rate are considered. We investigate the optimal policies with a nonconstant discount rate but a nonincreasing function of time.
The remainder of this paper is as follows. Section 2 describes the model and gives the objective function and other basic foundations. In Section 3, we obtain the dynamic equation which so-called modified HJB equation. Finally, we obtain the optimal policies in Section 4.
The Model
We first give a complete probability space (Ω, F, ) with filtration {F } ∈[0, ] satisfying the usual condition generated by a standard Brownian motion { ( ), ≥ 0}. Let ( ) denote the surplus of a large insurer. The asset value and liabilities are represented by ( ) and ( ), respectively. The change of surplus process, which is the difference between the change of asset value ( ) and the change of liabilities ( ), can be written as
(
Obviously, when the insurer incurs a liability, he earns some premium. Hence, in this paper, we assume the premium rate is which means that the insurer can collect dollar when he/she provides a dollar insurance protection. Furthermore, the asset value increasing from the insurance sales during
Naturally, the insurer wants to know that how much ( ) he can provided. In other words, he wants to know how much of the debt ratio is suitable to the company. Let = ( )/ ( ) denote the debt ratio of the insurance company and also serves as a control variable in this paper. Then, the leverage is described as the ratio between asset values and surplus can be represented as 1 + = ( )/ ( ). With some assumption, we will give the optimal debt ratio in the following.
For the sake of simplicity, we assume there are only a riskfree asset 0 ( ) and a risky asset 1 ( ) in the financial market with prices satisfying
where , , and are some positive real numbers satisfying < . Assume that the asset is invested in financial market, and the proportional of the asset value is invested in the risky asset at time is denoted as , the rest of the asset is invested in risk-free asset. Intuitively, without considering claims and dividend payment, the surplus process can be denoted by
Substituting (2) and (3) into (4), we have
Furthermore, we consider the future claims. We denoted by ( ) the accumulated claims up to time . We have that
where ( ) is claim rate. This means the claims are proportional to the amount of insurance liabilities. Let ( ) be a nonnegative and nondecreasing process representing the sum of the dividends distributed over the time interval [0, ]. In this paper, our purpose is to investigate the optimal dividend strategy where the dividend payment is proportional to amount of the surplus. Hence, the accumulate dividends can be represented by
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Naturally, we have
Recall that denotes the debt ratio, the insurer wants to determine the optimal liabilities ratio. Thus, in our paper, serve as a control variable. Let Π = [0, ], 0 < < ∞. Then, we give the following definition. (ii) the process { , 0 ≤ ≤ } is a predictable and satisfies that
(iii) the process { , 0 ≤ ≤ } is a predictable and satisfy that 0 ≤ < ∞.
We also say a policy ( , , ) is admissible, if ( , , ) ∈ V.
In traditional optimal strategies research, the scholars also assume that the insurer preferences at time take the form
where , denotes condition expectation [⋅ | ( ) = ], (⋅) is a utility function satisfying that > 0, < 0, is a discount rate. The insurer wants to choose the optimal policies to maximize 1 ( , ), . .,
For the purpose of obtaining optimal policies, we ought to solve a stochastic control problem, and since the discount rate is constant, the solution is time consistent. However, some scholars argue that the assumption of constant discount rate is unrealistic. Hence, in this paper, we assume that the discount rate is nonconstant, but a function of time ]( ) that is a nonincreasing function for ∈ [0, ]. So the discount factor at time used to evaluate a payoff at time + , ≥ 0,
Consequently, we assume that the insurer's preference at time takes the form of
which means the insurer's preference is not immutable. The optimal debt ratio, investment, and dividend payment policies consist of solving the following stochastic control problem: 
Dynamic Equation
For any { , , } ∈ V and any real function ( , ) ∈ C 1,2 ([0, ∞) × [0, ∞)), we define a generator A about (9) as 
For problem (12) , in the conventional methods, by dynamic programming principle, the value function satisfies HJB (Hamilton-Jacobi-Bellman) equation (see [21] )
with terminal condition ( , ) = ( ) .
For time-inconsistent problem (14) , the standard HJB equation cannot be used to obtain the solution. In what follows, we use a modified HJB equation which was used in Marín-Solano and Navas [23] to deal with (14) . We begin with a special discretized version of (14) . We divide the [0, ] into periods of constant length ; in this way we identify = ; therefore the objective of insurer in time = ( = 0, 1, 2, . . . , ) will be
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From (9) , if the surplus is served as discrete, the surplus will have the following form:
with ( ) is given and where = , . . . , − 1. For (17) , in the final period, . ., = , we have V(T, X(T)) = U(X(T)). For = − 1, we have
with
where { * ( −1) , * ( −1) , * ( −1) } is the maximizer of the right hand term of the (19) . We denote
Therefore, the optimal value of (17) can be represented as
where
Solving ( , ( )) in (22) and (23), then using some mathematical techniques to simplify it, we have the lemma as follows.
Lemma 2.
For initial wealth , the equilibrium value ( , ( )) of (17) and (18) can be obtained as
with ( , ( )) = ( ( )) and
for = 1, 2, . . . , −1. Equation (25) is the equilibrium dynamic programming equation in discrete time, and we can obtain the solutions by proceeding backward in time from period −1 to period 0.
For the continuous time problem of (14), we also derive an equilibrium dynamic programming equation called modified HJB equation. Inspired by the discrete case, the equilibrium value of (14) is defined as the limit when → 0 of discrete time equilibrium dynamic programming equation (25) . Since = , = , with initial wealth ( ) = , then ( , ) = ( , ( )), and by thêformula, we have
Since
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Dividing (30) by , and letting → 0 in (30) and (31), we derive the modified HJB equation as
Therefore, we have the following theorem. Proof. From Dynkin's formula, we have
and combining with V( , ( )) = ( ( )), we obtain
Assuming that { * , * , * } satisfies the condition in Definition 1 and solving the right side of (32), then
We know that Mathematical Problems in Engineering and
Substituting (37), (38), and (39) into (36), we obtain
This ends the proof of Theorem 3.
Optimal Policies
Suppose that the insurer has a log-utility
Then the modified HJB equation (32) 
with boundary conditions ( , ) = ln( ).
With the log-utility function, we speculate that the value function has the following form:
Then
Substituting (43) and (44) into (42), we have
For simplicity, we denote Π fl (1 + ) + 1, intuitively = (Π − 1)/(1 + ); hence,
From (46), we can obtain that * = − Π 2 , (47) * = 1 ( ) .
Moreover, if > ( )/(1 + ), then * = , 
From (9), we know that
Combining ( 
and using the boundary condition ( ) = 1, we get ( ) = ( − ) + ∫ ( − ) .
So far, we have proved the following theorem.
Theorem 4.
For problem (14) , if the insurer has a log-utility function (41), we can obtain the optimal policies as follows: Remark 5. The optimal investment and debt ratio policies are verified the same as the corresponding part in [21] without considering reinsurance. So, we can see that it is the same between time-inconsistency and time-consistency for optimal investment and debt ratio policies. This is because that the investment and debt ratio policies are independent with discount rate in this model.
Remark 6.
We can see that the optimal dividend payment is the same as [21] without considering reinsurance when the discount rate function ]( ) = .
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